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EXPLICIT CONSTRUCTIONS OF QUILTS WITH SEAM CONDITION
COMING FROM SYMPLECTIC REDUCTION
NATHANIEL BOTTMAN
Abstract. Associated to a symplectic quotient M/G is a Lagrangian correspondence ΛG from
M/G to M . In this note, we construct in two examples quilts with seam condition on such a
correspondence, in the case of S1 acting on CP2 with symplectic quotient CP2/S1 = CP1. First, we
exhibit the moduli space of quilted strips that would, if not for figure eight bubbling, identify the
Floer chain groups CF (γ, S1Cl) and CF (RP2, T 2Cl), where γ is the connected double-cover of RP1.
Second, we answer a question due to Akveld–Cannas da Silva–Wehrheim by explicitly producing
a figure eight bubble which obstructs an isomorphism between two Floer chain groups. The figure
eight bubbles we construct in this paper are the first concrete examples of this phenomenon.
1. Introduction
Suppose that L01 is a Lagrangian correspondence from M0 to M1, and L0 ⊂M0 is a Lagrangian.
Then pi1 : M0 ×M0 ×M1 →M1 restricts to a Lagrangian immersion of
L0 ×M1 L01 := (L0 × L01) ∩ (∆M0 ×M1)(1)
into M1, as long as the intersection appearing in the definition of L0 ×M1 L01 is transverse. (In
this situation, L0 and L01 are said to have immersed composition, and the image pi1(L0×M1 L01) is
denoted L0◦L01.) If (1) L1 ⊂M1 is another Lagrangian, (2) both L0◦L01 ⊂M0 and L1◦LT01 ⊂M1
are embedded compositions (where LT01 is the result of regarding L01 as a correspondence from
M1 to M0), and (3) we make assumptions on the geometry to exclude all bubbling and ensure
that the relevant moduli spaces are cut out transversely, then the following Wehrheim–Woodward
isomorphism of Floer cohomology groups holds (taking coefficients in Z/2, as we will do throughout
this paper):
HF (L0 ◦ L01, L1) ' HF (L0, L1 ◦ LT01).(2)
When any of these assumptions are weakened, this isomorphism may not hold. The obstruction
is figure eight bubbling, and in this paper we produce the first concrete examples of this bubbling
phenomenon, in the context of symplectic reduction.
Suppose that G is a compact Lie group acting in a Hamiltonian fashion on a symplectic manifold
M , with moment map µ : M → g∗; suppose furthermore that µ−1(a) is a regular level set and
that G acts freely and properly on µ−1(a). Then M//G := µ−1(a)/G has the natural structure of
a symplectic manifold, with ωM//G defined uniquely by pi
∗ωM//G = ι∗ωM . There is a Lagrangian
correspondence ΛG from M//G to M , defined by
ΛG :=
{
([p], p) | p ∈ µ−1(a)} ⊂ (M//G)− ×M.(3)
The action we will consider in this paper is S1 acting on CP2 by
eiλ · [X : Y : Z] := [X : Y : eiλZ],(4)
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with moment map
µ : CP2 → R, µ[X : Y : Z] := −1
2
Z2
X2 + Y 2 + Z2
.(5)
If we equip CP2 with the Fubini–Study form normalized to have monotonicity constant 1, and
define CP2//S1 to be the reduction at the level set µ−1(−16), then CP2//S1 is CP1 with the nor-
malized Fubini–Study form with monotonicity constant 1. The associated correspondence ΛS1 is
diffeomorphic to S3, and is therefore a monotone Lagrangian correspondence from CP1 to CP2.
In the upcoming two sections we explicitly construct holomorphic quilts with seam condition on
ΛS1 , in the following two examples:
• In §2, we study the moduli space of rigid quilted strips mapping to CP1 and CP2, with
boundary on the Clifford circle S1Cl and RP
2 and seam condition on ΛS1 . If there were
no bubbling, this moduli space would produce a cobordism giving rise to an isomorphism
CF (γ, S1Cl) ' CF (RP2, T 2Cl) as in (2). Such an isomorphism does not hold, as the left-hand
side is a chain complex and the right-hand side is only a matrix factorization of id. We
explicitly exhibit this moduli space by expressing the constituent quilts in terms of Blaschke
products and Poisson integrals. Bubbling must occur, and indeed we see four obstructing
figure eight bubbles.
• In §3, we answer a question posed by Akveld–Cannas da Silva–Wehrheim in 2015. They
observed that the lack of an isomorphism between CF (S1Cl,RP
1) and CF (LAC,RP1 ◦ ΛS1)
implies the existence of a figure eight bubble of the form described in Question 3.1, and
asked whether such a bubble can be explicitly produced. We do so in §3. We leave open the
question of whether the figure eight bubble we produce is the unique satisfactory bubble,
and also the question of how to see this quilt bubbling off from the relevant moduli space
of quilted strips.
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2. The moduli spaces of quilted strips relating CF (γ, S1Cl) and CF (RP
2, T 2Cl)
Let γ be the connected double-cover of RP1 ⊂ CP1. In the following figure, we denote by dots
resp. arrows the generators of CF (γ, S1Cl) and CF (RP
2, T 2Cl) resp. the contributions to the putative
Floer differential µ1. (Each arrow corresponds to a single rigid strip.)
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CF (γ, S1Cl) CF (RP
2, T 2Cl)
Figure 1.
Denoting the instances of µ1 on the left resp. right by µ1CP1 resp. µ
1
CP2 , one can immediately see
that (µ1CP1)
2 = 0 but (µ1CP2)
2 = id. This means that in this case, the isomorphism (2) must be
obstructed by figure eight bubbling. The moduli spaceM of quilted strips that relates CF (γ, S1Cl)
and CF (RP2, T 2Cl) is defined like so:
Moduli problem: M is the moduli space of holomorphic quilted strips u = (u1, u2) of Maslov
index 1 satisfying
u2 : {z ∈ C | 0 ≤ im z ≤ h} → CP2, u1 : {z ∈ C | h ≤ im z ≤ pi/2} → CP1,(6)
u2(x) ∈ RP2, u1(x+ ipi/2) ∈ S1Cl, (u2(x+ ih), u1(x+ ih)) ∈ ΛS1 ∀ x ∈ R
for some h ∈ [0, pi/2]. M is the Gromov compactification of M, as described in §4, [BoWe].
Before we present formulas for the quilts making up M, we explain the idea behind our con-
struction, which applies more generally to constructions of pseudoholomorphic quilts with seam
condition coming from symplectic reduction. M is composed of strips pictured in (a) below; fix
such a strip u = (u1, u2). Denote by pi : CP2 99K CP1 the map sending [X : Y : Z] to [X : Y ], which
has the properties that (1) pi is holomorphic where is it defined, (2) (idCP1 ×pi)(ΛS1) = ∆CP1 , and (3)
pi(RP2) = RP1, and in particular is Lagrangian. It follows that if we form the quilt u˜ = (u1, pi ◦ u2)
as in (b) below, we may “erase” the seam and obtain an unquilted strip as in (c), mapping to CP1
and with boundary conditions in S1Cl and RP
1. (Since pi is undefined at [0 : 0 : 1], pi ◦ u2 may be
initially undefined at a discrete subset of the domain, but these singularities are removable.)
CP2
CP1
ΛS1
S1Cl
RP2
u1
u2
S1Cl
CP1u1
pi ◦ u2 CP1
∆
S1Cl
CP1
(a) (b) (c)
RP1 RP1
Figure 2.
Holomorphic strips as in (c) are completely characterized in terms of Blaschke products by work
of Alston [Al]. Recovering the original quilt u is then a matter of producing a function f so
that u2 = [u
0
2 : u
1
2 : f ], where we have denoted pi ◦ u2 =: [u02 : u12], for homogeneous coordinate
functions u02, u
1
2 chosen without loss of generality to be real-valued on R. Such an f is to satisfy
the following conditions: (1) f is meromorphic, (2) f(x) ∈ R for x in the bottom boundary, and
(3) 2|f(x+ ih)|2 = |u02(x+ ih)|2 + |u12(x+ ih)|2 for x+ ih in the top boundary.
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We now turn to our explicit characterization of M.
Characterization of M: M consists of 12 components, each of which fibers trivially over the
h-interval [0, pi/2]. Mh=pi/2 consists of 12 Floer strips, which are exactly the contributions to µ1CP2
shown on the right in Fig. 1. Mh=0 consists of 8 Floer strips, which are the contributions to µ1CP1
shown on the left in Fig. 1, as well as 4 constant strips with figure eight bubbles attached. The
quilted strips come in two types, corresponding to whether the underlying strip with target CP1 as
in Fig. 2 is constant or is nonconstant and has Maslov index 1:
• Quilted strips with constant projection. For any h ∈ (0, pi/2], define four quilted
strips like so:
u2(z) =
[
1 : ±1 : ±exp(
pi
2hz)− 1
exp( pi2hz) + 1
]
, u1(z) = [1 : ±1],(7)
where the sign in u1 is the same as the first sign in u2. In the h → pi/2 limit we get the
(unquilted) strips
u˜2(z) =
[
1 : ±1 : ±exp(z)− 1
exp(z) + 1
]
.(8)
In the h → 0 limit we get the constant strips u˜1(z) = [1 : ±1], and a figure eight bubbles
off at the origin, consisting of the following maps:
v2 : {z | 0 ≤ im z ≤ pi/2} → CP2, v1 : {z | pi/2 ≤ im z} → CP1,(9)
v2(z) =
[
1 : ±1 : ±exp(z)− 1
exp(z) + 1
]
, v1(z) = [1 : ±1].
Note that this is a sheet-switching eight in the sense of [BoWe].
• Quilted strips with Maslov-1 projection. Define four quilted strips like so:
u2(z) =
[
exp(z) + 1 : ±(exp(z)− 1) : ± exp
(
1
2pii
∫ ∞
−∞
1 + it exp( pi2hz)
(1 + t2)(t− i exp( pi2hz))
log
(
1 + |t|4hpi
)
dt
)]
,
u1(z) =
[
1 : ±exp(z)− 1
exp(z) + 1
]
,(10)
where as before the sign in u1 is the same as the first sign in u2. In the h → pi/2 limit we
get the strips
u˜2(z) =
[
1 : ±exp(z)− 1
exp(z) + 1
: ±1
]
,(11)
while in the h→ 0 limit we get the strips
u˜1(z) =
[
1 : ±exp(z)− 1
exp(z) + 1
]
.(12)
There are four more families of quilted strips gotten by transposing the first two homoge-
neous coordinates of u1 and u2 in the above formulas.
We conclude this discussion with a few words about the last homogeneous coordinate
function f(z) of u2 in the second case above. As explained after Fig. 1, f(z) must be a
meromorphic function satisfying the following conditions:
f : [0, h]→ C, f(x) ∈ R ∀ x ∈ R, |f(x+ ih)|2 = exp(2x) + 1 ∀ x ∈ R.(13)
Using the Poisson kernel, Alexandre Eremenko explained in [Er] that the last homogeneous
coordinate function in the formula for u2 in (10) satisfies these conditions, and moreover
that it is the only zero-free holomorphic function to do so (up to sign). Every function
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satisfying (13) can be obtained as the product of the one appearing in (10) with a suitable
Blaschke product, and all but the ones appearing in (10) will yield a quilted strip of Maslov
index greater than 1.
3. A figure eight bubble predicted by Akveld–Cannas da Silva–Wehrheim
Katrin Wehrheim described the following question to the author in 2015:
Question 3.1 (Akveld–Cannas da Silva–Wehrheim, private communication). Can one explicitly
produce a quilted disk u = (u1, u2) consisting of holomorphic maps
u1 : {z | im z ≥ 1} → CP1, u2 : {z | 0 ≤ im z ≤ 1} → CP2(14)
satisfying seam and boundary conditions in ΛS1 resp. LAC ⊂ CP2,(
u1(x+ i), u2(x+ i)
) ∈ ΛS1 ∀ x ∈ R, u2(x) ∈ LAC ∀ x ∈ R,(15)
LAC :=
{
[A+ iB : i
√
2C : A− iB] |A,B,C ∈ R, |A|2 + |B|2 + |C|2 = 1},
and having symplectic area one-fourth that of CP1 (hence quilted Maslov index 1)?
Abstractly, Akveld–Cannas da Silva–Wehrheim showed that such a figure eight bubble must exist:
otherwise, CF (RP1, LAC ◦ ΛTS1 = S1Cl) and CF (RP1 ◦ ΛS1 = RP1 × S1Cl, LAC) would be isomorphic
chain complexes, which they are not, since the latter is not even a chain complex. (This follows
from the facts that RP1 × S1Cl is Hamiltonian-isotopic to T 2Cl, and that by Rmk. 3.6 of [Ca], LAC is
Hamiltonian-isotopic to the standard RP2 ⊂ CP2.)
In this section, we answer Question 3.1 in the affirmative:
Proposition 3.2. The following two quilts satisfy the conditions of Question 3.1:
uθ,1(z) := [±(z + 6i) : iz], uθ,2(z) := [±(z + 6i) : iz : ±(z − 6i)],(16)
where the three signs appearing in these formulas are all the same.
Proof. First, we check the seam condition. The only thing we need to check is the condition
2|Z|2 = |X|2 + |Y |2 on R+ i:
2|(x+ i)− 6i|2 = 2(x2 + 25) = (x2 + 49) + (x2 + 1) = |(x+ i) + 6i|2 + |i(x+ i)|2.(17)
Second, we check the boundary condition. The zeroth and second components of u2(x) = [±(x+6i) :
ix : ±(x − 6i)] are conjugates, and the first component is imaginary; u2(x) therefore lies in LAC.
Finally, we calculate the symplectic area, using the multiples ωCP1 , ωCP2 of the Fubini–Study forms
having monotonicity constant 1.∫
y≥1
u∗1ωCP1 =
∫ ∞
1
∫ ∞
−∞
18
pi(x2 + y2 + 6y + 18)2
dxdy =
1
5
,(18) ∫
0≤y≤1
u∗2ωCP2 =
∫ 1
0
∫ ∞
−∞
72
pi(x2 + y2 + 24)2
dxdy =
3
10
.
The total symplectic area is therefore 1/2, which is indeed one-fourth the area of CP1: the area of
CP1 is equal to c1(TCP1) evaluated on the fundamental class, which is 2. 
To conclude this example, we illustrate the projections of these quilts to the moment triangle of
CP2. Recall that the moment map of CP2 is
µCP2 : CP
2 → R2, µ([X : Y : Z]) :=
(
−1
2
|Y |2
|X|2 + |Y |2 + |Z|2 ,−
1
2
|Z|2
|X|2 + |Y |2 + |Z|2
)
,
and that the image of µCP2 is the triangle with vertices (0, 0), (−12 , 0), and (0,−12). We now compute
the images of all the objects involved in this construction.
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• First, we compute the projections of ΛS1 and LAC to the moment triangle:
µCP2(ΛS1) =
{(
−1
3
|Y |2
|X|2 + |Y |2 ,−
1
6
)}
= line from (−13 ,−16) to (0,−16),(19)
µCP2(LAC) =
{(
−1
2
C2
A2 +B2 + C2
,−1
4
(
1− C
2
A2 +B2 + C2
))}
= line from (−12 , 0) to (0,−14).
• Next, we note that we can view the moment interval of CP1 = µ−1CP2(−16)/S1 as a subset
of the moment triangle of CP2, by lifting µCP1 : CP
1 → R to µ˜CP1 : CP1 → R2. Indeed,
µ−1CP2(−16) is characterized by the equation 2|Z|2 = |X|2 + |Y |2, so we can lift µCP1 to µ˜CP1
like so:
µ˜CP1([X : Y ]) =
(
−1
2
|Y |2
|X|2 + |Y |2 + |Z|2 ,−
1
2
|Z|2
|X|2 + |Y |2 + |Z|2
)
=
(
−1
3
|Y |2
|X|2 + |Y |2 ,−
1
6
)
.
(20)
• Finally, we compute the projections of the images of u1 and u2:
µ˜CP1(u1(z)) =
(
−1
6
|z|2
|z + 3i|2 + 9 ,−
1
6
)
, µCP2(u2(z)) =
(
−1
6
|z|2
|z|2 + 24 ,−
1
6
|z − 6i|2
|z|2 + 24
)
.(21)
The right boundary of the projection of the image of u2 is the projection of {u2(iy) |0 ≤ y ≤
1}, which is the segment of the ellipse Z(100x2+16xy+16y2+20x+8y+1) between (0,−14)
and (− 1150 ,−16). Note that the projections of the image of u1 and u2 are doubly-covered:
(x, y) and (−x, y) get sent to the same point.
In the figure below we show these projections: those of ΛS1 , LAC, and the images of u1 and u2.
Figure 3. The large, light-blue triangle is the moment polytope of CP2. The diag-
onal red line is the projection of LAC. The horizontal orange line is the projection
of ΛS1 , so we can think of CP1 as the preimage of the orange line quotiented by the
action of S1 that rotates the last coordinate. The dark blue region is the projection
of the image of u2, and the yellow line is the projection of the image of u1. Note that
the dark blue region only intersects the right edge at a single point, corresponding
to u2(0) = [1 : 0 : −1].
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